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Abstract. We systematically investigate tri-local (non-local) three-quark baryon fields with (7l(2) x Ur(2) 
chiral symmetry, according to their Lorentz and isospin (flavor) group representations. We note that 
they can also be called as "nucleon wave functions" due to this full non-locality. We study their chiral 
transformation properties and find all the possible chiral multiplets consisting of J = | and J = § baryon 
fields. We find that the axial coupling constant |<?a| = § is only for nucleon fields belonging to the chiral 
representation (|, 1) © (1, i), which contains both nucleon and A fields. Moreover, all the nucleon fields 
belonging to this representation have |(/a| = f • 

PACS. 11.30.Rd Chiral symmetries - 12.38.-t Quantum chromodynamics - 14.20.Gk Baryon resonances 
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1 Introduction 

The group theory has been applied to particle physics 
since its beginning. Particularly, the SU{2)l (g) SU(2)r 
and SU(3)l ® SU(3)r chiral groups play important roles 
in low-energy hadron physics, and the relevant physics 
is called chiral symmetry [TJ[5J[nilll[MS] ■ F°r nve decades 
now, chiral symmetry and its spontaneous breaking have 
been studied using different methods because of their im- 
portance in elucidating the origin of hadron masses [TJ. 
In Refs. S. Weinberg pointed out that the algebraic 
aspects of chiral symmetry are worth studying. Previous 
studies found some QCD identities for baryon currents 
(fields) using an algebraic method [8] . Other scholars sys- 
tematically investigated three-quark baryon fields with the 
SU(2)l <8> SU(2)r chiral symmetry, and we investigated 
those with the SU(3) L <g> SU(3) R chiral symmetry [fJlITU]. 

Until now, most algebraic studies investigate local hadron 
fields. However, non-local ones should also be studied. 
They are important in the study of excited hadron states 
since (in the continuum limit) the local three-quark baryon 
fields can not have a spin larger than 3/2 [2J. To extend 
the algebraic studies on chiral symmetry, we systemati- 
cally investigated bi-local three-quark baryon fields with 
the SU(2)l ® SU(2)r chiral symmetry, where two quark 
fields are at the same place but the third one is at a dif- 
ferent position [TT]. In this paper, we investigate tri-local 
(non-local) three-quark baryon fields, where three quarks 
are all at different positions. Due to this full non-locality 
they can also be called as "nucleon wave functions" , which 
plays an important role in QCD process predictions. For 
example, the wave functions of B and D mesons are stud- 
ied in order to investigate the mechanism of heavy meson 
decays [12] . The baryon (nucleon) wave functions are also 
studied in order to investigate the baryon structure as well 
as their decay properties |13j . 



In this paper, We systematically investigate these baryon 
fields according to their Lorentz and isospin (flavor) group 
representations. We study their chiral transformation prop- 
erties and find all possible chiral multiplets consisting of 
J = i and J = | baryon fields. Our procedures mostly 
follow Ref. QT], but the calculations are a bit more com- 
plicated. The obtained baryon currents can be used in the 
lattice QCD and the QCD sum rule studies [2]. We also 
study axial charges, which are important in understanding 
both electro- weak and strong interactions |15j . 

This paper is organized as follows. In Sect. [2Jwe sys- 
tematically classify tri-local (non-local) three-quark baryon 
fields, according to their Lorentz and isospin (flavor) group 
representations. In Sect. [3] we study the behaviors of these 
fields under the Abelian U(1)a and non-Abelian SU(2)a 
chiral transformations. Finally, we summarize the obtained 
chiral multiplets in Sect. 2] with some discussions. 



2 Baryon Fields 

A non-trivial interpolating field B(x, y, z) coupling to baryons 
composed of three-quark fields can be generally written as 

B(x,y,z) ~ e abc (qf \x)r iq b B (y)) r 2 q c c (z) (1) 

where a, b, c denote the color and A, B, C the flavor in- 
dices, C = 17270 is the charge-conjugation operator. qA{x) — 
(u(x), d(x)) T is an iso-doublet quark field at location 
x, and the superscript T represents the transpose of the 
Dirac indices only (the flavor and color indices are not 
transposed). The antisymmetric tensor in color space e a f, c 
ensures the baryons are in a color singlet state. Since it 
always exists, we shall omit it from now on. The matrices 
-Tl, 2 are Dirac matrices which describe the Lorentz struc- 
ture. With a suitable choice of 1^,2 and taking a com- 
bination of indices of A, B and C, the baryon fields are 
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defined so that they form an irreducible representation of 
the Lorentz and flavor groups. 

Previous studies investigated on local and bi-local baryon 
fields [9lfTT]. The present study investigates a more gen- 
eral case, the tri-local three-quark baryon fields, where the 
positions of quarks are all different (x ^ y ^ z). We note 
that due to this full non-locality we can also call them 
"nucleon wave functions" . The procedures mostly follow 
our previous reference [TT], but a bit more complicated. 
Basically, the Fierz transformation is used to change the 
positions of quark fields. Afterwhich, we can apply the 
Pauli principle to check the antisymmetric properties of 
every pair of quarks. 

We classify tri-local three-quark baryon fields accord- 
ing to their spin and isospin, both of which can be either 
1/2 or 3/2. To perform the classification and simplify the 
notations, a "tilde-transposed" quark field q should be in- 
troduced: 



q T C~f 5 (iT 2 ) 



(2) 



Moreover, we absorb the flavor indices into quark fields 
and write the baryon field as 





N n 




N 12 


< 


N 13 




N14, 








N 16 




Nn 


< 


N 1S 




Nig 




N 2 o 




N21 




N22 


< 


N 23 




N 24 




N 25 




N 26 




N 27 


< 


N 28 




N 2g 




N 30 



(q(z)q(x))q(y) , 
{q{z)lbq{x))^ b q{y) , 

{a{z)i^q{x))i^q{y) , 
(Q(z)j^j 5 T l q(x))Y l l5T l q(y) , 
(q^a^qix^T^iy) , 
{q{z)T l q{x))T l q{y) , 
(g(z)75T l g(a;))T l 7 5 g(2/) , 
{q{z)l^T l q{x))^T i q{y) , 
(.Q(.z)^^ b q(x))^-i b q{y) , 
(q(z)a^q(x))a^q(y) , 

(q(y)<i(z))q(x) , 
(q(y)7^q(z))Y l q(x) , 

{q{y)l^l5T t q{z))^-i 5 T l q(x) , 
(q(y)<r^T*q(z))<j^T*q(x) , 
(q(y)r l q(z))T % q(x) , 
(q(yh5T\q(z))T l ^ 5 q(x) , 
{q{y)l l iT t q{z))^T i q{x) , 

{qiyhnisqi^h^ibqix) , 

{q{y)<^^q{z))a^q{x) . 



B{x,y,z) ~ (q T (x)r 1 q(y)j P 2 q(z) 



(3) 



The latter 20 fields Nn ■ ■ ■ N 3 o are the Fierz transformed 
fields of the former ten fields Nx ■ ■ ■ Niq. Using the Fierz 
identities for the Dirac spin and isospin indices, we obtain 
the following identities: 



The matrices A, 2 also contain some flavor structure. 

Considering the presence of three different positions 
(x y 7^ z), the possible baryon fields are B(x,y,z) 7 
B(y, z, x), B(z, x, y), B(x, z, y), B(z, y, x), and B(y, x, z). 
However, we can simply change the positions of the first 
and second quark fields, for example, 



tf'frhMv) = ~q b B T (yh 5 q a A (x 



(4) 



Therefore, we only need to consider three of them. We find 
that B(x,y,z), B(y,z,x), and B(z,x,y) can be related 
using only one transformation matrix. Thus, we use these 
three fields in the following subsections. 



2.1 J 



land/ 



In this subsection, we study the first case D(i,0) J= i, 
where the representation of the Lorentz group is D(i,0) 
and the isospin is / = \ . We find 30 tri-local baryon fields 
of J 



h and / 



N 2 
N 3 
N 4 
N 5 
N e 
N 7 
N s 
N 9 



(q(x)q(y))q(z) , 
{q{x)isq{y))isq{z) , 

(<7(z)7m 75T l g(2/))7' i 75T" I 9(2) , 
{qWo^qiyYjcj^^qiz) , 
{q{x)T l q{y))T l q(z) , 
(q(x)j 5 T t q(y))-f 5 T l q(z) , 
(q(x)j fi T t q{y))^ l T' i q(z) , 

{q{x)in isq{y))i^isq{z) , 



N A = A^N B , N B = „4 n N c , N c = A 11 !* A ■ 

where N a , Nb , and Nc denote the baryon vectors 

N A = (N U N 2 ,---,N W ) T , 
N B = (iVn,iVi2,---,iV2o) T , 

N C = (N 21 ,N 22 ,---,N 30 f , 

and A 11 is a 10 x 10 transformation matrix 

(I 1 1 -li 1-1-1 1 -l\ 
1 1 -1 1 § -1 -1 1 -1 —, 
4 -4 -2 -2 -4 4 2 2 0' 
-12 12 -6 2 -4 4 -2 6 
36 36 2 12 12 6 
1 -1 



A n = 



-1 



1 £-1-1 1 



1 -3 
3 



6 



-3 -3 -3 
-3 -3 3 

-12 12 6 -2 -4 4 2 
4 -4 2 2 -4 4 -2 -2 
\ —12 -12 2 12 12 -2/ 



This matrix is non-singular and it satisfies (.4 11 ) 3 = 1. 
The solution is 



(5) 



(0) 



(7) 



N c = (^ 11 )- 1 N B = (^ U )- 2 N A 



(8) 



N 10 = (q(x)a„ u q(y))a" v q(z) 



Therefore, we obtain a "trivial" result that all the ten 
tri-local baryon fields iVi • • • Niq are non-zero as well as 
complete and independent. Other 20 fields Nn ■ ■ ■ N 30 are 
related to these ten fields through the Fierz transforma- 
tion. 
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2.2 J = \ and I = § 

In this subsection, we study the case Z?(^, 0) /= |. We find 
15 bi-local baryon fields of J — | and I 



3. 

2" 



^4 = (^h^^q^h^^'zW , 
4 = (g>K, y TMy)K^ /2 g(z) , 
^ = (g»r^(y))F 3 % g (z) , 
4 - (<i(xh5T3q(y)h 5 P^ 2 q(z) , 

Z\| - (q(x) 7 ^q(y))rP^ /2 q(z) , 

(«(2 ; )7Ai75T : '(7(x))7^75P 3 ^ 2 q(y) , 



/A* 



15 



i q (x))WP? /2 q(y) 



A\ 6 = (q(z)Ti q (x))P l 3 U(y), 



A 
A 

zi 
f A 



17 



18 



25 



26 



J 27 



A 1 — 
Zi 28 — 



3/2^ 

{q{z) lbT 3 q(x)) lb Pl 3 /2 q(y) , 
(g(z) 7Al T^(x))7^P 3 4 ; 2(Z (y) , 

{qivh^izT 1 q{z))YibPl) 2 q( x ) . 

(q(y)<T^q(z))a^P^ /2 q(x) , 
(g(j/)r^(^)F 3 % g (x), 
(<?(y)75T J g(2;))75^3/ 2 g(a;) , 
(g(y) 7 ^^))7^ 3 >(z) . 



The latter ten fields Z\i4 • • • Zi 18 and Z\ 2 4 • • • Z\ 2 8 are the 
Fierz transformed fields of the former five fields A4 ■ ■ ■ A$. 
Here, P^ 2 is the isospin-projection operator for I = |. 

We define it together with the isospin-projection operator 
1 . 

2- 



Pl% for / 



^3/2 



1/2 



which satisfy 



-i pV 



0. 



(9) 



(10) 



Using the Fierz identities for the Dirac spin and isospin 
indices, we obtain the following identities: 

(11) 



A i A = A 13 A i B ,~ B 



A l B = A u A l c , A l c = A A 



where 



{Ai,A\,Ai,A\,Aif 
(A 



A 1 A 1 A 1 A 1 ^ T 
16 1 ^17 > ^18 1 ^14 ) ^15 



(^26 1 ^27 ! ^28 ! ^24 5 ^25) 

and A 13 is a 5 x 5 transformation matrix 
/ 1 1 1 1 "?\ 



(12) 



^ 13 = - 



V 



1 

4 
4 

-12 



111, 

1 -1 -1 "I 

-4-2 2 

-4 2-2 
12 -2/ 



(13) 



Again, this matrix is non-singular and it satisfies (.4 13 ) 3 
1. The solution is 



13\-2 



Ah = (^r^ = {a 

Therefore, five fields are complete and independent. 



(14) 



2.3 J = § and / = ± 

The three-quark baryon field of J = § contains either 
one free Lorentz index (A M ) or two antisymmetric Lorentz 
indices (N^ = —N vli ). The former case has a Lorentz 
representation D(l, i) J= i , and we find 18 tri-local baryon 
fields 

A 3m = (q(x)^q{y))r^ 2 j 5 q(z) , 
N if , = ( q (x)^j 5 T l q(y))r^ 2 T l q(z) , 
A 5m = (q(x)<j aP T*q(y))r^ l5 T*q(z) , 



3/2 



8 M = (q(xhuT l q(y))r^ 2 "f 5 T l q( 



9 t i 



(q(xhvi5q(y))ry 2 q(z) , 



(q(x)<7 af 3q(y))r^ 2 jPj 5 q(z) , 

{q{z) lu q{x))r^ b q(y) , 
{q{z)lvl5T l q(x))r£J 2 T l q{y) , 
(g(zK^(x))r 3 7 2 7^ 5 rMy) , 
(q(z)luT l q(x))r^ 2 "f 5 T l q(y) , 
{q{z)lu^q{x))r^ 2 q{y) , 



A 20/i = (9(^) CT a/39( x )) / T/ 2 7 /3 75g(2/) , 



A 23ai = 

A 24aj = 

A 25ai = 

A 28ai = 

A 29Al = 

A 30ai = 



3/2 

(q(yhuq(z))r^ 5 q(x) , 

(<?(y)7,75T l <z(^))r 3 7 2 r^(x) , 
(g(y)^T i q(z))r 3 7 2 7^7 5 T < g( a ;) . 

{q{y)ivT l q{z))r£J 2l5 T l q{x) , 
{q{y)ivi5q{z))r%J 2 q{x) , 
(g(2/)o-a0'?(2))r 3 77' 3 75q(x) . 



The latter 12 fields are the Fierz transformed fields of the 
former six fields A 3m • • • A 5ai and A 8m • • • Ai 0ai . Similar to 
the isospin projection operators, we define r^J 2 and r^J 21 

which are the spin-projection operators for the J = | and 
J = \ states: 



1 3/2 
They satisfy 



1 

I' 



1 ' ' ' 1 1/2 4 ' ' ■ 



'A*- 4 3/2 



0. 



(15) 



(16) 



Using the Fierz identities for the Dirac spin and isospin 
indices, we obtain the following identities: 

N A ^ = A 31 N B ^ , N Bm = A 31 N Cf , , N Cm = A 31 N A ^{17) 

where 

Na m = (A 3M , N 4t , , A 5M , A 8M , A 9M , A 10 ^) T , 
N Bm = (A 13(U , A 14m , JVi B „ , JVism . ^19m . ^2 0Al ) T , (18) 
N Cm = (A 23At , A 24ai , A 25A1 , A 28A1 , A 29A1 , A 30/ ,) T , 
and „4 31 is a 6 x 6 transformation matrix 



i31 



(I 11-1-1 -1\ 
3-111-33 
6 2 2 6 
-311-13 3 
-1-111 1-1 
\-2 2 2 -2 / 



(19) 
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This matrix is non-singular and it satisfies (.A 31 ) 3 = 1. representation D(l, 5)1=2, we find nine baryon fields 
The solution is 



(20) 



Therefore, six fields are complete and independent. 

For two antisymmetric Lorentz indices with the Lorentz 
representation D(|,0) /= i, we find six fields: 

( N 5)iv = (q(x)cr af3 T l q(y))r^ 2 aP T l q(z) , 
\ N WlUf = (q(x)a apq { y ))r»jfq(z) , 



' A 4n = {q{x)lvl5T' J 'q(y))r^ 2 P* 3 /2 q(z) , 

A\„ = {q{x)a a ^q{y))r^ lb Pl) 2 q{z) . 
{ A^ = {q{x) lv Tiq{y))rZJ 2l5 Pi j /2 q{z) , 

^ = {q{z)l^q{x))r^ 2 Pl) 2 q{y) , 
A\ 



J 18/i 



A 



N 15 ^ v = {q{z)(j a f j T l q{x))r^J 2 fS T l q{y) , 
N2011V = (q(z)a al 3q(x))r^ 2 a/3 q(y) , 

N 2 5^u = (q(y)a a pT l q(z))r^ 2 al3 T l q(x) , 

n 3 o^ = (q(y)< J af3q(z))r^ 2 ar: ] q{x) . 



(21) 



{q{z)a a ^q{x))r^ l5 Pl) 2 q{ V ) , (27) 
(Q(z)luT l q(x))r^ 5 P^ /2 q(y) , 

24 M - {q{y)ivisT ] q{z))r£J 2 Pl 3 /2 q{x) , 

^ = {q{y)a a ^q{z))r^ lb Pl) 2 q{x) , 
^28 M = (^h^M^^Ts^^) . 

The latter six fields are the Fierz transformed fields of the 
former three fields A\^, A l 5 ^, and A 8fl . Using the Fierz 
identities for the Dirac spin and isospin indices, we obtain 



The latter four fields are the Fierz transformed fields of the ^ e ^°^ owm § identities, 
former two fields N 5flu and N Wllv . Here, r^ va P is another 



J = I projection operator defined as 



A 33 A* A* 



j33 A ! Al 



A 33 A 



Afi ■ 

(28) 



r» va P = (g^g^ - -5^7^ + l^yy" + l^'V"' 3 J . where 
V 2 2 6 J 

(22) 

Using the Fierz identities for the Dirac spin and isospin 
indices, we obtain the following identities: 



A^ = (Al,A^,A^f, 
AL. = (A[ 8u ,A\ 4u ,A[ 5 ^., 



A' c = {AU„,AL..,A 



(29) 



Cn — V^28^i i ZJ 24 ( u ) ^25/J : 



Naju^ — B N Baii/ , N BAt „ = B N Cai „ , N Cm j/ - B Na f . anc i ^433 j s a 3 x 3 transformation matrix 



(23) 



where 



433 



1 



1 -1 



2 _1 1 _1 
z 1 2-2 



(30) 



Na^i/ = (^5^ ' ^10^ ) T > 
^Bp.u — {NlSnv 7^20/ji>) T ! 
Nc^iiy = {N 2 5^ , ^30mi>) T ) 



(24) 



This matrix is non-singular and it satisfies (A 33 ) 3 = 1. 
The solution is 



and B 31 is a 2 x 2 transformation matrix 

£31 = . 



(31) 



1 -1 

-3 -1 



This matrix is non-singular and it satisfies (B 31 ) 3 
The solution is 



(25) 
= 1. 



N Cf - (S 31 )" 1 ^^ - (B 31 )- 2 Na^ ■ (26) 
Therefore, two fields are complete and independent. 



2.4 J 



f and I 



Therefore, three fields are complete and independent. 

Finally, for two antisymmetric Lorentz indices with the 
Lorentz representation £>(§, 0)/=§> we nn d three A fields 

4„„ = (g(x) ( x Q ,r^(y))r 3 7 2 ^P^ /29 (z) , 
^ = (g(^)a Q ,r^(x))r 3/ 7' 3 P^ /2 g(y) , (32) 
^ = (q(y)a a ^q(z))r^P^ /2 q(x) . 

The latter two fields are the Fierz transformed fields of 
the first one A\^ v . Using the Fierz identities for the Dirac 
spin and isospin indices, we obtain the following identities: 



A 25/4i/ ■ 



In this subsection, we also need to consider the case of one 

Lorentz index (AjJ and two antisymmetric Lorentz in- Therefore, there is only one field, and itself is a complete 
dices {A % = —A % v ^). For the former one with the Lorentz basis. 
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3 Chiral Transformations 

In this section, we study the chiral transformations of tri- 
local baryon fields. The analysis and notations in this sec- 
tion are similar to our previous paper , and the results 
are listed here. We do this procedure according to their 
spin in the following subsections. 



and the D(i, 0) J= 3 baryon fields transform as 



3.1 J 



Under the Abelian U{1)a chiral transformation, the D(^,0)j 
three-quark baryon fields transform as 

f <5 5 ^i = ia~is{N x + 2N 2 ) , 
S 5 N 2 = ia75(2JVi + N 2 ) , 
5 5 N 3 = -ia-y 5 N 3 , (33) 
5 5 N 4 = -iaj 5 N 4 , 
6 5 N 5 = 3aj 5 N 5 , 

( S 5 N 6 = ia l5 (N 6 + 2N 7 ) , 
S 5 N 7 = ia<y 5 (2N 6 + N 7 ) , 
6 5 N$ = -iaj 5 N$ , 
^5^9 = -iaj 5 Ng , 



(34) 



. S5N10 = 3aj 5 N w , 
and the -D(i, 0) /= 3 baryon fields transform as 

( 5 5 A\ = -ia~f 5 Ai , 
\ 6 5 Al = 3ia^A\ , 

S s Ai = ia l5 (Ai + 2A\), 
6 5 A\ = iaj 5 (2Ai + A\), 
5 5 Al = -iaj 5 A a . 

We find that Ni and N 2 can be reduced to irreducible 
components by taking the antisymmetric linear combina- 
tion of the two nucleon fields: 

S 6 (Ni + N 2 ) = 3ia l5 {N 4 + N 2 ) , (35) 

SsiNi-Ni) = -ia-/ 5 (Nt - N 2 ) . 

The same can be done for Nq, N 7 , A\, and A T : 

5 5 (N 6 + N 7 ) = 3m 75 (iV 6 + N 7 ) , 

S 5 (N 6 - N 7 ) = ~ia 75 (N 6 - N 7 ) , (36) 

S 5 (Al + Ai r ) = 3iaj 5 (Ai + A 7 ), 

5 5 (Al~A 7 ) = -ia^(Ai-Air). 

Under the non- Abelian SU(2)a chiral transformation, 
the -D(^, 0) /= i baryon fields transform as 



r sm = 


ia ■ T 75 iVi , 






s 5 n 2 = 


ia ■ tj 5 N 2 , 






5%N 3 = 


-ia ■ T75A3 - 


\ia ■ T-f 5 N 4 - 


■ 2ij 5 a ■ A 4 , 


5%N 4 = 


-2ia ■ r-f 5 N 3 


f \ia ■ T"f 5 Ni 


— 2175a • A 4 


I S%N 5 = 


ia ■ T75N5 , 






■ SgNe = 


-\ia ■ tj 5 N 6 


+ |ia ■ T7 5 iV 7 






+ 2i 75 a ■ A 6 - 


- 2i7 5 a • A 7 , 




8%N 7 = 


-\ia ■ tj 5 N 7 


+ \ia ■ T7 5 A r 6 






+ 2i 75 a • A 7 - 


- 2i7 5 a • A 6 , 





S£N S = 


\ia ■ tj 5 N 8 - 


2ia ■ tj 5 N 9 - 


2i7 5 a ■ A 8 , 


W = 


-\ia ■ tj 5 N s 


- ia ■ tj 5 N 9 - 


- 2i7 5 a • A 8 , 


I S%N 10 = 


-- ia ■ r 7s Ar 10 , 







(37) 



5fA\ 



<^5 



r) a A i 



°5 ^8 



-2i 75 oJ P^ /2 N 3 - li^P» 2 N 4 

+ | l r i 75 a- Ai-ia-r^AX, (38) 

-2ir l 75 a • A 5 + 3ia ■ t^A\ , 

-|ir l 75 a • A 7 + 2ia ■ r l5 A 7 - P% p N 7 

- lir l lb a -A 6 +ia- r lb A\ + ^ij 5 aiP^ /2 N 6 , 
-|ir l 75 a ■ A 6 + 2ia ■ r lb A\ - |i 75 a^'P| 2 iV 6 

- |ir 8 75 a • A 7 + ia ■ tj 5 A} + |i 75 a J P 3/2 N 7 , 
2i-.r,n'l';, l 2 \., - |z 75 ^P 3 y /2 A 8 

+ |ir J 75 a ■ A 8 ~ia- tj 5 A 1 8 . 



We find that N 3 , N 4 , and A\ can be reduced to irreducible 
components by taking the following linear combinations: 

8% (N 3 -N 4 )=ia- r 75 (N 3 - N 4 ) , (39) 
f 5^(3^3 + N 4 ) = -175 [fa • r(3A^ 3 + N 4 ) + 8a • A 4 ] , 



S%A\ 



-«75 



%aiP l 3 J /2 (3N 3 + N 4 ) 



\r l a ■ A 4 



-Ai 



The same can be done for Nq, N 7 , A l 6 , and A\: 



(40) 



8%{N t + N 7 ) = ia ■ t 15 (N 6 + N 7 ) , 

5g(N 6 - N 7 ) = -f ia ■ r l5 (N 6 - A^ 7 ) + 4 l75 a • (A 6 - A 7 ) , 
5£(A 6 - A 7 y = |zr l 75 a • (A 6 - A 7 ) - ia ■ r l5 (A e - A 7 ) 1 
+ ii^P^ /2 (N 6 -N 7 ), 

5%(A 6 + A 7 ) 1 = -2iT^ 5 a ■ (A 6 - A 7 ) + 3ia ■ t 15 (A 6 - A 7 ) 1 



The same is also true for Ng, Ng, and A\ 

6%(N S - N 9 ) = ia ■ t 15 (N s - JV 9 ) , 

5 
3. 



(41) 

5%{N 8 + 3N 9 ) = -ha ■ t 15 {N s + 3N 9 ) - 8i l5 a ■ A 8 , 



°5 ^8 



-li l5 aJP l 3 J /2 (N 8 + 3N 9 ) + |ir l 75 a • A 8 



ia ■ tj 5 A 



8 ■ 



3.2 J 



Under the Abelian U(1)a chiral transformation, the D(l, \ 
three-quark baryon fields transform as 

= iaj 5 N 3f2 , 
^5^4^ = iaj 5 N 4fl , 
= iaj 5 N 5fJ , , 



85 N 8 ^ = iaj 5 N 8fl , 
$5N 9tl = iaj 5 N 9fl , 

The D(l, i) J= 3 baryon fields transform as 



(42) 



5 b A\^ = ia 75 ^| M . 



(43) 
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The D(|,0) J= 



and D(|,0) J= 



baryon fields transform 4 Conclusions and Summary 



a.s 



(44) 



Under the SU(2)a chiral transformation, the D(l, |) I= 
baryon fields transform as 



^5 N 3fl = ia • T7 5 7V 3A1 + |za • T75A4,, + 2i 75 a • A 
<5!f A 4m = 2ia ■ T-f 5 N 3fl - \ia ■ t 75 A 4m + 2i lb a ■ A\ 



4 ! 



5/i j 



S5 N 5fl = pa ■ T-f 5 N 5ll - 4i 75 a • A 
5° Ng„ = -|ia • T75N8A, + 2ia • -r 75 A 9A1 + 2i 75 a • A 



8/1 



pa ■ T75 A 8m + ia ■ T^N^ + 2i-f 5 a ■ A 



The D(l, 5)7—3 baryon fields transform as 



811 , 



In this section, we summarize the chiral multiplets found 
in the previous section. For the J = | baryon fields, 
(iVi ± JV 2 ), (A 3 - A 4 ), A 5 , (A 6 + iVV), (A 8 - A 9 ), and 
TVio form seven [(§,0) © (0, |)] chiral multiplets; (A 3 + 
±A 4 , A\), (A 6 - A 7 , Al - A)), and (A 8 + 3A 9 , A\) form 
three [(1, §) © (§, 1)] chiral multiplets; A\ and (Aj + 
49 form two [(§,0) © (0, |)] chiral multiplets. For the 
J = § baryon fields, (A 3jU - A 4 „), (N 8fl - A 9m ), N Wfl , 
A 5At „, and N 10llv form five [(|, 0)©(0, |)] chiral multiplets, 
(A 3m + \N^,/%), (Ns^AiJ, and (A 8m + 3A 9m , A^) 
form three [(1, \) © (|,1)] chiral multiplets; forms 
one [(§,0) © (0, §)] chiral multiplet. 

We find a total of 31 independent chiral multiplets. 
They are listed in TablesfTJEl and[3]with their Abelian ax- 



(45)ial charge g^ and the non- Abelian axial charge g^'. The 
SU(2)a chiral transformation of A 1 fields always contain 
two diagonal terms: r l a ■ A and a ■ tA % . To show "num- 
bers" in these tables, we simply add their coefficients and 
use brackets to denote this, such as "g^ = (— §)" for the 
A\ field. We note that some of the fields have already been 
studied in the bi-local case [TTj . 

We find that the chiral transformation properties of 
every new field, which turns up in the tri-local case, is 
similar to some old one in the local case. This is also true 
for the bi-local baryon fields, i.e., the chiral transformation 
properties of every new field, which turns up in the bi- 
local case, is similar to some old one in the local case. 
We find that the [(±,0) © (0, \)\ chiral multiplets (Ai - 
N2), (A3 — A4), and (Ng — A 9 ) transform in the same 
way, whereas the [(0, |) © (|, 0)] chiral multiplets (N 3fl 



(i) 



ca/l/" 
°5 ^4 



8%Ag 



6§Aj? 



ir^a ■ Al 



T75<, 

ir l lb a ■ A^ 



+■ ia 

2,- : ,n'l\ 

2 



T75A" 1 



(46) 



5 

y A< 



9/i " 

A^ 



2 

- ia ■ tj 5 A^ . 



The D(f,0) J=i 
as 



- -gir-^a • 

and D(|,0) J= i baryon fields transform 



SgN, 



8%N 
5?A 



- 

i 

5/ti/ 



ir ■ wysN 5liV , 
= ir ■ a-f 5 N 10flL , , 
-2ir l 7 5 a • A 5ftv + 3ia ■ tj 5 A 



(47) 



We find that A 3m , N^, and A\ can be reduced to irre- 
ducible components by taking the following linear combi- 
nations: 



Nip), (Ng/j, — Ag^), and N\q^ u transform like their mirror 
fields; the [(±,0) © (0, |)] chiral multiplets {N x + N 2 ), A 5 , 
(A 6 + A7), Aioj A 5Miy , and N Wllv transform in the same 
way; the [(i, 1) © (1, \)] chiral multiplets (A 3 + iA 4 , A\), 



( A 6 - A 7 



A\), and (Ng + 3A 9 , A\) transform in the 



same way, whereas the [(1, |) © (i, 1)] chiral multiplets 



(Aa^ + iA^,^) 



(N^,A' 5li ) 



2 

and 



(A 8M + 3A 9M , A 



SUN; 



3ft 



N 



4/7 



-ia ■ tj 5 (N 



3/; 



A, 



4/7 



3 transform like their mirror fields; the [(§, 0) © (0, §)] chiral 



£ 5 °(3A : 
8% A? 



3/7 



a: 



ia ■ t 7 5(3A 3m + A 4(U ) + 8i 75 a • A 



■Al 



and A^ u transform in the same 



i^PV(2>N^ + N^) 

2 

ia ■ tj 5 A^ . 



Hr"j 5 a ■ 



The same can be done for A 8ai , Ag^, and A 



J 8/i- 



8f{N Sll - A 9m ) = -ia ■ 
'<5 5 a (A 8A1 + 3A 9A1 ) = f 



T7s(A 8/i - A 9m ), 

T75(A8 M + 3A 9M ) + 8i75a 



ii^pi j (N 8tl 



3A 9/i ) 



|iT l 75 a • Ag 



ia ■ T75A 



/iZ 



We note that A. 
under the SU(2) A 



5 M and A\ are also related to each other 



chiral transformation, and the linear 
combinations are not needed. 



multiplets A\, (A\ 
4 way. 

In summary, we have systematically investigated tri- 
local three-quark baryon fields. Through the Fierz trans- 
formation, we find that B(x, y, z), B(y, z, x), and B(z, x, y) 
can be related using some transformation matrices (oth- 
ers like B(y,x,z) can be also related, see Eq. flU). The 
Pauli principle is taken into account also by using the Fierz 
(transformation. However, different from the local and bi- 
Ag^pcal cases, in the case of tri-local baryon fields, the Pauli 
principle does not forbid any possible structure among the 
three quark fields inside, whose structure can be carried 
out by suitable Lorentz and flavor matrices. 

We classified all the J = \ and J = | baryon fields and 
studied their chiral transformation properties, according 
to their Lorentz and isospin (flavor) group representations. 
Together with the local and bi-local three-quark baryon 
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fields, which have been studied in Refs. [91111]. we arrive 
at our final conclusion that the axial coupling constant 
\qa I = f only exists for nucleon fields belonging to the 
chiral representation (|, 1) © (1, \ ) where the nucleon and 
A fields are both inside. Moreover, all the nucleon fields 
belonging to this chiral representation have \qa\ — f ■ 

The procedures in this paper can be straightforwardly 
applied to bi-local/tri- local three-quark baryon fields hav- 
ing SU(3)l ® SU(3)r chiral symmetry, which is our next 
subject. 

Table 1. Chiral multiplets of Lorentz representation _D(i,0), 
together with their Abelian and non-Abelian axial charges 
and g^. 



Baryon Fields 


(0) 
9 a 


9^ 


SU L {2) x SU R (2) 


N\ — N2 


-1 


+ 1 


(iO)C 


B(0,f) 


N 1 +N 2 


+3 


+ 1 


(1,0) € 


e(o ,|) 


N3-N4 


-1 


+ 1 




B(o,i) 


N 5 


+3 


+ 1 


(iO)C 


B(0 A) 


N a + N 7 


+3 


+ 1 


(|,0)( 


B(0,|) 


N s -N 9 


-1 


+ 1 


(3,0) c 


B(0,|) 


N w 


+3 


+ 1 


(iO)C 


B(0,*) 


N 3 + ±N 4 
A\ 


-1 
-1 


5 
3 


(1,1) € 


B(l,|) 
B(l,|) 


N 6 -N 7 
Al - A\ 


-1 
-1 




(|,i)e 

(1,1) € 


B(l,l) 
B(1,I) 


Ns + 3N 9 
A\ 


-1 
-1 


3 

(-1) 


(|,i)e 
(l,i)c 


B (1,4) 
B (1,1) 


A\ 


+3 


( + 1) 


(f,0)€ 


B(0,f) 


Al + A\ 


+3 


( + 1) 


(io)c 


B(0,|) 



Table 2. Chiral multiplets of Lorentz representation D(l, |), 
together with their Abelian and non-Abelian axial charges 
and gy. 



Baryon Fields 


(0) 
9 a 


9f 


SU L (2) 


x SU R {2) 




+ 1 


-1 




®(f 0) 


K - K 


+ 1 


-1 


(0,|) 


e(i,o) 




+ 1 


-1 


(04) 


e(io) 


N» + ±N» 
AT 


+ 1 
+ 1 


+1 
(+}) 


(1,3) 
(1,1) 


®( 5 ,i) 
®(f,i) 


Al 


+ 1 

+ 1 


(+1) 


(1,1) 
(1,1) 


®( ,1) 
e(i,i) 


Ng + 3N£ 

^8 


+1 
+1 


+ 1 
(+|) 


(1,1) 
(1,1) 


©(3,1) 
e(i,i) 
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Table 3. Chiral multiplets of Lorentz representation D(|,0), 
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and g^ . 





Ua(1) 


SU A {2) 


SU V {2) 


x SI/42) 


Nr 


+3 


+1 


(3,0) 


0(0, i) 




+3 


+1 


(|,o) 


®(0,i) 




+3 


(+1) 


(|-0) 


ffi(o,|) 
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